Considering two-level quantum systems, this paper proposes a control strategy that drives an arbitrary pure state to target mixed state via three-step controls. The first step is the preparation of eigenstate: the state of system controlled is driven to eigenstate from an arbitrary pure state. The second one is to drive the eigenstate prepared to the mixed state in which not all of the off-diagonal elements in the density matrices are zeros. In this step, one needs to use an auxiliary system and achieves the transfer through the interaction between controlled system and auxiliary system. If the target state is the mixed state in which all of the off-diagonal elements in the density matrices are zeros, then one needs to perform the third step: to drive the mixed state obtained in the second step to the target mixed state. Numerical simulation experiments and results analysis are given. The control strategy proposed in this paper is useful in the application of quantum computation.
INTRODUCTION
In quantum computation, the restriction to unitary gates and pure state is unnecessary, and for the model of quantum circuits in which the state is mixed state, it can deal formally with several central issues: measurements in the middle of the computation, decoherence and noise, using probabilistic subroutines and so forth while it's difficult or impossible for pure state (Aharonov et al., 1998) . Generalizations which are obtained from the programming approach for a model of quantum computation based on mixed state are useful to analyse the propagation of errors in a quantum computation involving mixed state (Zuliani, 2007) . Mixed state plays an important role in quantum computation, so it is worth to study the preparation of mixed state. In general, there are two situations which can produce mixed state. One is when a quantum system has interaction with environment, the dissipative phenomenon occurs due to the existence of the environment. The evolution of density matrix is not unitary any more in such a case. Another situation is a large number of particles which are in different pure states are statistical incoherent mixture (Zhang and Cong, 2009 ). We only consider the first situation in this paper. When the initial state is mixed state, it is easy to get the target mixed state and the control strategy has been given (Zhang and Cong, 2009 ). However, pure state is the state which can be prepared easilier. When the initial state is pure state, for the first situation, the fact is that noise takes pure state only into a limited range of mixed state, rather than to the whole space of mixed state (Henderson et al., 2001 ). Thus it is necessary to seek an effective control strategy to drive arbitrary pure state to the target mixed state. . When ρ represents a pure state, the value of ( ) 2 ρ tr is 1, and the value is less than 1 when ρ represents a mixed state, from which one can see that pure state can indeed evolve to mixed state (Reznik, 1996) . This paper proposes a control strategy that drives an arbitrary pure state to target mixed state for two-level systems via three-step controls. The first step is the preparation of eigenstate: drives an arbitrary pure state to eigenstate through the control of pure state quantum systems. The second step is to drive the eigenstate prepared to the mixed state in which not all of the off-diagonal elements in the density matrices are zeros. In this step, we use an auxiliary system that is put in interaction with the controlled system, and achieve the transfer through the interaction of two systems. If the target state is the mixed state in which all of the off-diagonal elements in the density matrices are zeros, then one needs to drive the mixed state obtained in the second step to the target state through the control of mixed state quantum systems.
TRANSFER FROM AN ARBITRARY PURE STATE TO AN EIGENSTATE
Considering a closed-loop quantum system S, its mathematical model is described as the following Schrödinger equation 
(2) and (4) describe the same system (Boscain et al., 2002) , so we design a control law based on the system model described by (4). The design of control methods is plentiful, in which the Lyapunov method is adapted to the time-varying system and nonlinear system, and the control can ensure the stability of controlled system. So we use the Lyapunov method to design all controls in this paper. The idea of Lyapunov control is to choose a suitable Lyapunov function V and then try to find a control so that ensures that is monotonically decreasing along any dynamical evolution of control system. Here, the Lyapunov function selected V is taken as (Zhang and Cong, 2009) . So the expression of V in (6) can be written as
Observing (7), for the sake of ensuring , we choose the control law as
. V decreases gradually under the action of , and reaches zero when to be an eigenstate of the system S, arbitrary pure state can be driven to Sf ψ through using the control law (8), and the state remains in the eigenstate.
TRANSFER FROM AN EIGENSTATE TO MIXED STATE BY INTERACTION CONTROL

Establishment of mathematical model
In quantum control, the effect of control to the dynamics of controlled system is the same as to perform a suitable unitary transformation (Cong, 2006) . However, the unitary transformation can not change the purity of state; it is impossible to drive pure state to mixed state for single particle by using a unitary transformation. Thus we need an initially uncorrelated auxiliary system P that is put in interaction with the controlled system S, and the transfer of states is achieved through the interaction of the two systems (Romano and D'Alessandro, 2006) .
We have driven an arbitrary pure state to the eigenstate of system S through the control used in section 2. An eigenstate can be expressed as
with density matrix. The initial state of auxiliary system P is mixed state
, and the ability to modify the state of controlled system S depends on the correlations between S and P, which is generated by the interaction. The dynamics of S is given by
where T denotes the composite system S + P, and t γ is an
According to (9) and in consideration of (10) and (11), when system S and P compose a closed composite system, the dynamics of S is given by
where ( )
is a unitary propagator, is the total Hamilton and given by
where and are the free Hamilton of S and P, respectively. I is the interaction Hamilton of S and P. When system S and P are both two-level, is given by considering a particular dynamical model (Romano, 2007) : where S ω and are the eigen-frequencies of S and P, and g is the coupling constant. and are the Pauli matrices in system S, and are the Pauli matrices in P. We define the purity of a state 
So the task one transfers a state from pure initial state to mixed state becomes a decreasing process of ( ) t π .
Design of the control law
Considering the mathematical model of system T in (12), the total Hamilton of T contains two parts: one is local Hamilton composited of the free Hamilton S and P, and another is the interaction Hamilton . We still use the Lyapunov method to design the control law
When T is a closed system, T follows the Liouville equation (with
where , and the dynamics of T is
where is a unitary propagator. The initial state of S and P is the eigenstate and mixed state, respectively, and S and P is initially uncorrelated. and represents the final state of S and P, respectively, so the final state of T is
where is a mixed state.
is chosen as the Lyapunov function (Kuang and Cong, 2008) ( ) 
is satisfied, the first item in the right side of (23) is zero. In order for V to be nonnegative, the second item in the right side of (23) and (23) becomes
The Lyapunov function V is monotonically decreasing along any dynamical evolution because . On the basis of the Lyapunov stability theorem, the closed quantum system T is stable under the action of the control law (24), which drives the system state
to the final state , at the same time the final state in S evolves to ,
As long as the final state of T satisfies , the control (24) can drive an eigenstate to the mixed state in which not all of the off-diagonal elements in the density matrices are zeros for system S through the interaction between controlled system S and auxiliary system P.
4.CONTROL DESIGN FOR A MIXED STATE QUANTUM SYSTEM
The state of controlled system S has been driven from an arbitrary pure state to the mixed state in which not all of the off-diagonal elements in the density matrices are zeros via the controls in section 2 and section 3. When the target state is the mixed state in which all of the off-diagonal elements in density matrices are zeros, it is necessary to perform the further control to the mixed state which is obtained in section 3, so that the state of system S can be driven to the target mixed state. This section will give the specific design procedure of controller.
The density matrix (Ohtsuki and Fujimura, 1989) 
The control law is designed based on Lyapunov stability theorem in this section and the Lyapunov function selected is the following equation (Zhang and Cong, 2009) In such a way, one can realize to drive the state of S to the mixed state in which all of the off-diagonal elements in density matrices are zeros under the action of control law (32). Note that the purity of initial state is equal to the purity of final state when control law (32) is adopted. It means that the final state in section 2 is not arbitrary when it is necessary to perform the third step. The purity of final state selected in section 2 should be equal to the purity of target state.
( )
Sf
5.NUMERICAL SIMULATION EXPERIMENTS AND RESULTS ANALYSIS
This section will illustrate the effectiveness of the proposed control strategy through a specific numerical simulation. The simulation experiment is to drive the state of controlled system S from the initial superposition state to the target mixed state The first step: Drive controlled system S from superposition state to the eigenstate
We can obtain the needed control law according to (8):
K is set to be 1 in the experiment. The control system simulation results are shown in Fig.1 , in which Fig.1(a) shows the evolution trajectory of system S and Fig.1(b) shows the value of control. From Fig. 1(a) one can see that the state of S is driven from the superposition state ( )
under the action of control designed. As can be seen from Fig.1(b) , the value of control stays at zero once the eigenstate is reached and the state can remain in the reached eigenstate stably and continuously. So the state of S reaches the eigenstate at the end of control. 
in which not all of the off-diagonal elements in the density matrices are zeros. The initial state of the auxiliary system P is set as )
P
, and its final state is
The eigen-frequencies S ω and are both set as 1.
is the Hamilton of S and P respectively，the Hamilton of T are and . The control law in this step is designed by (24):
, in which k is selected as 1 in the experiment. The second step control simulation results are shown in Fig.2 , in which Fig.2(a) shows the evolution trajectory of S, Fig. 2(b) shows the purity curve of S, Fig.2(c) shows the value of control and Fig.2(d) shows the projection of the evolution trajectory in the time period 15-20 in the X-Y plane. It can be seen from Fig.2(a) that the evolution trajectory enter the inside from North Pole of the Bloch ball under the control and makes circular motion around the Z axis after the interaction. According to the definition of purity, the purity is 1 when it is pure state and the purity is less than 1 when it is mixed state. Fig. 2(b) shows the purity of S decreases from 1 and remains in 0.7, so the controlled system S is driven to the mixed state from the eigenstate. From Fig.2(c) one can see that the value of the control tends to zero when time is about 15 and it means the end of the interaction of S and P. According to Fig.2(a) and Fig.2(d) , it can be concluded that S is driven to the mixed state in which not all of the off-diagonal elements in the density matrices are zeros from the eigenstate under the control.
In order to drive the controlled system S to the target mixed state in which all of the off-diagonal elements are zeros, it is necessary to perform the control of mixed state quantum system. This purpose can be achieved by using the control law (32). The initial state of the third step is ( )
which is the final state of the second step and the final state is the target mixed state . The purities of and are all equal to 0.7 and satisfy the limiting condition of control law (32). The Hamilton of controlled system S is , and the parameter P in the control law is .
The third step control simulation results are shown in Fig.3 , in which Fig.3(a) shows the evolution trajectory, Fig.3(b) shows the purity curve, Fig.3(c) shows the value of control and Fig.3(d) shows the curves of coordinates x and y in Bloch vector which represents the state of system S. One can see that system S is driven to the target mixed state under the control law from Fig.3(a) . It can be seen from Fig.3(b) that the purity of state has been kept at 0.7 in the control process, thus the control law (32) don't change the purity. The control law (32) is related to the choice of parameter P, and selecting different parameters will get different curves and effects of the controls, so it's important to select a suitable parameter in control. P is selected as (16.5,1,1,1) P diag = in our experiment, and from Fig.3 (c) one can see that the control value in tends to zero finally which indicates that P is chosen suitably. When coordinates x and y in Bloch vector are zeros, all of the off-diagonal elements in the density matrices are zeros. It can be seen from Fig.3(d) that: the value of coordinates x and y tend to zero, so the final state is the mixed state in which all of the off-diagonal elements in the density matrices are zeros. Thus the state of S is driven to target mixed state from the initial superposition state via three-step controls. When the initial state of the controlled system is an eigenstate, the first step control is not necessary and the second step control can be performed directly. When the target state is the mixed state in which not all of the off-diagonal elements in the density matrices are zeros, the third step control is not necessary and the transfer can be achieved through the first two steps. In addition, S can be driven to the target mixed state in which not all of the off-diagonal elements are zeros only when the initial state of P is the same as the final state of S in the second step.
CONCLUSION
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This paper studied the transfer from an arbitrary pure state to the target mixed state for two-level quantum systems. When the initial state is superposition state, the state is driven to the eigenstate through the control of pure state quantum system first. The effect of control to the dynamics of system controlled is the same as to perform a suitable unitary transformation. Unitary transformation do not change the 3 . Simulation of the third-step control for system S purity of the state, so it is impossible to drive pure state to mixed state for single particle. Thus the auxiliary system P is necessary and components the composite system T with controlled system S. The control law is designed to control the interaction by Lyapunov method. The state of T is driven to the final state, at the same time the state of system S evolves to the target mixed state from the eigenstate through the interaction of S and P. If the target state is the mixed state in which all of the off-diagonal elements are zeros, one needs to drive the mixed state to the target mixed state through the control of mixed state quantum systems. Thus we achieve the control purposes via three-step controls at most.
